0* Introduction* It is shown in this paper that the equational class generated by the family of all projective planes can be characterized by a finite set of lattice identities. The methods developed here may provide a framework to attack similar problems and a useful medium for studying modular lattices in general.
By a variety, or equational class, of lattices we mean the class of all lattices satisfying a given set of lattice identities. A lattice variety is finitely based if it can be defined by a finite set of identities. Let A be the lattice of all lattice varieties. A systematic study of the lattice A dates back seven or eight years ago. Most recent results in this field, including ours here, are stimulated by an important discovery of Bjarni Jonsson in [7] , Corollary 3.2. (See Baker [1] , [2], Gratzer [4] , Hong [5] , Jonsson [7] , [8] , McKenzie [9] , [10], Wille [11] .) Our study here continues the works of Gratzer in [4] and of Jonsson in [8] , where the latter completed an unfinished result of the former and in particular proved that the variety generated by all projective lines is finitely based.
The rest of the paper is divided into four sections. In §1 we state our main theorem and its applications but postpone the proofs until §4. In §2 we discuss the main methods employed here: the method of strong covering, and the notions of normality and strong normality of sequences of transposes. In case the family of all varieties that strongly covers a given variety is finite, then the variety is finitely based. The notions of normality and strong normality, due to Gratzer and Jonsson respectively, are developed rather completely in Theorem 3.1. We hope that this theorem will have some applications elsewhere. Section 4 gives details of the proof of the main lemma stated in Section 1.
In the sequel, almost every theorem and lemma has its dual, even though we rarely make explicit mention of this fact. Also, the notation L denotes a fixed modular lattice.
We wish to express our sincere gratitude to Professor Bjarni Jonsson for his helpful suggestions in the ideas as well as the presentation of this paper. We also wish to thank the referee for his detailed suggestions. 1* The main theorem and its applications* For any family K of lattices, let S(K), H(K), P U (K) denote respectively the families of sublattices, of homomorphic images and of ultraproducts of members 575 of K. The important discovery of Jonsson, mentioned in the introduction, asserts that every subdirectly irreducible member of the variety generated by a family K of lattices belongs to HSP U (K) . Let A L , A 2 , A z , M sk , where k is a positive integer, denote the lattices in Fig. 1 .
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FIGURE l
We first state the main lemma, the proof of which is postponed until §4.
MAIN LEMMA. Let L be a suhdίrectly irreducible modular lattice and A l9 A 2 , A s , M 3n g HS(L) ,
where n is a positive integer. Then dim (L) ^ n.
The main application of this lemma is to prove the principal result of the paper by the use of the notion of strong covering. Consider a variety *W and let C{W^) be the family of all varieties that cover "W". A family of varieties { ^ | i e 1} is said to strongly cover W~ if every 5^, ie I, covers <W and any variety that properly contains W~ contains a variety ^ for some ie I. Then for each ie I there is a lattice identity 6^ that holds in W~ but not in 5^. It is easy to see that modulo the lattice axioms, ^ is the variety defined by {θi\iel}. REMARK. With some details added, one can show that the conclusions of Corollary 2 still hold when W~ is the variety generated by P U Q, ~^€o 2 UPUQ, or Λ2 U P U Q, where ^J is the variety generated by all projective lines, and P is a finite family of finite modular lattices of dimension less than or equal to 3, Q is a finite family of finite modular lattices of the form Λf [Λl , Λ2 ..., WA?] .
For the definition of Λf [ni , n2 ,..., Λjfe] and the details of the proof, the reader is referred to the author's thesis [5] .
Concluding this section, we state some conjectures for which we hope the methods here may be helpful. Conjecture 1. The variety generated by a finite modular lattice is strongly covered by a finite number of varieties.
Conjecture 2. For each positive integer i, the variety ^L generated by the family of all modular lattices of dimension ^ i is strongly covered by a finite number of varieties. 2* Methods* A. Diamond, transpositions and translations. 1. Diamond. By a diamond we mean a five-termed sequence [u ^ x, y, z ^ v] of elements of L whose terms are all equal (in which case the diamond is said to be degenerate) or else form a non-distributive lattice M z in Fig. 1 . The intervals [x, u] , [y, u] , [z, u] are called the first, second and third upper edges, and [v, x] , [v, y] , [v 9 Note that A/A does not imply
The following lemma will be frequently used subsequently. 
(ii) If [v, u] is an interval such that
Proof. Suppose (1) holds. Clearly b + v = d, hence [v, d] transposes down onto [bv, b] . Under this transposition, bD, [bz, bu] and [a, b] are respectively the images of D, [z, u] The proof of (ii) is equally trivial.
REMARK. Observe that the part (i) of the lemma also holds when [z, u] is replaced by any upper edge of D. In later applications, we will use this observation without mentioning it.
String of diamonds.
Given a sequence of k diamonds, a, b] and [a n , b n ] = [c, d] , and for k = 0, 1, 2 , n -1, the kth term transposes alternately up and down onto the next. Two intervals are said to be projective in n steps if they are connected by an n + 1-termed sequence of transposes. For any two intervals [a, b] and [c, d], let P([a, b] , [c, d] ) be the smallest nonnegative integer with the property that there exist nontrivial subintervals [a, b] and [c, d] of [a, b] and [c, d] respectively, which are projective to each other in n steps. If no such integer exists, then let P ([a, b] , [c, d] ) = <*>• We call P ([a, b] , [c, d] ) the projective distance between [a, b] and [c, d] . Thus if P([a, b] , [c, d] ) < oo, then [a, b] and [c, d] must be nontrivial intervals. In the four-element lattice generated by two elements, e.g. {a, b, a + b, ab) , it is easy to see that P(a, b + a], [ba, b] ) -1, but P([a, b + a] , [ba, a] 
REMARK. The notion of projective distance is the main medium used by Professor Jόnsson in [8] to extend the result of Professor Gratzer in [4] . (The term "projective distance" was not used in [8] but was suggested to the author by Jόnsson.) 580 DANG X. HONG C Homothetίes. Given a diamond D = [u ^ x, y, z ^ v] and an element w of one of its edges, e.g. [z, u] , these six elements generate a finite lattice whose isomorphism type is completely determined, (For example, the sublattice generated by Ό γ = [^ > x 19 y 19 z t > vj and w, z ι < w < u x , is the lattice on the right in Fig. 5 ίvf . wΊ is just GD) W . If z < w < w' < u, then the sublattice generated by D and {w, w'} can be checked to be the lattice given in Fig. 2 . However we will not need this fact, and we will therefore establish only some interesting relations between D and (D)iw, w] which will be used later. For convenience, we denote (D) [w 
Then one can easily check that:
Using these preceding relations, one can extend in an obvious manner the definition of (D) lw wΊ to the one of (M^k) [w , wΊ , where [w, w f ] is a subinterval of an edge of a diamond in a string of diamonds ilίj. Then (M^k) [w wΊ is also a string of diamonds.
D.
Ker(x γ , x 2 , x s ). Given three elements x ί9 x 2 , x z in L, the sublattice generated by them is a homomorphic image of the free modular lattice of three generators FM(S) (see Birkhoff [3] ). It contains as a sublattice the diamond [u ^ x, y, z Ξ> v] where
This diamond is denoted by kerfo, α; 2 , α? 8 ). Since a homomorphic image of a transpose is also a transpose, we have the following observations: (i) For the two element x 19 x 2 , ker (x l9 x 2 , χ 9 ) has the properties that its upper edge [x, u] transposes up onto a subinterval 3* A diamond-normal form of projectivities* In this section we develop rather completely the notions of normality and strong normality of sequences of transposes. We first state the main theorem of the section the terminology employed here will be gradually defined. THEOREM 3.1. Suppose [α, b] and [c, d] are two nontrίvial intervals in a modular lattice L, and assume that P ([a, b] , [e, d] ) = % where 2 < n < <χ>. Then some nontrivial subintervals [α, b] of [a, b] and [c, d] of [c, d] 
and
Furthermore [a, b] and [c, d] can be chosen so that for k = 2, 3, 4, , 
REMARKS, (i) The author originally proved the theorem in a much less general form.
Professor B. Jόnsson suggested that he consider the theorem in this form.
(ii) Theorem 3.1 minus the last sentence is actually Theorem 1.1 in [5] . Its proof will be a combination of the proofs of Theorem 1.1 and Lemma 2.1 in [5] .
Normal and strongly normal sequence of transposes. A sequence of transposes
If in addition, for each such k, b k^bk+1 ^ a k in the first case and a k^ + dk+i ^ ί >f c in the second case, then the sequence is said to be strongly normal.
In a strongly normal sequence [a iy 6J, 0 ^ i ^ n, the sublattice generated by the six endpoints of three successive intervals, say by a i9 b iy i = k -1, k, k + 1, is in fact generated by three of these endpoints and is therefore finite. Moreover it is a homomorphic image of the lattice in Fig. 3 in the first case, and of its dual in the second case. Thus, it contains the diamond
in the first case, and in the second case. We denote this diamond by
Observe that in the first case In [4, Proposition 3] , Gratzer showed that any two protective intervals can be connected by a normal sequence. In [8, Lemma 2] Jόnsson proved a stronger version of this result, which in present terminology can be stated as follows: LEMMA 3.3. (B. Jόnsson) . Suppose [a, b] and [c, d] are nontrivial intervals in a modular lattice L, and assume that P ([a, b] , [c, d] ) = n where 2 < n < oo, then the following statements hold:
(i) Any normal n + 1-termed sequence of transposes that connects [α, 6] and [c, d] is also strongly normal.
(ii) There are nontrivial subintervals [α, b] of [a, b] and [c, d] of [c, d] 
that can be connected by a strongly normal n + l-termed sequence of transposes.
The reader is referred to [8] for the proof.
Proof. By symmetry we need only show that
We have
and similarly y + xz' = y'. This completes the proof.
COROLLARY 3.5. Suppose (1) and (2) The proof of (ii) is even more trivial.
The following lemma is crucial for the proof of Theorem 3.1. 
It follows from (4) and (5) 
Case 2. ^ + u 2 < w lβ Our reasoning is motivated by Fig. 5 . Let w = ^ + u 2 and ^ = y t + % γ w, and for i = 0, 2, 3, let e t be the member of [a if δj corresponding to c L under the given transpositions. The sequence of transposes (6) [ Thus (i) holds in this case.
Case 3. v 2 < v^ Applying the dual of Case 1 with a reversal in the order of the intervals [a ίy 6J, we see that (ii) holds in this case.
The three preceding cases cover all possibilities. The proof is therefore complete. Since c γ -c 2 y ι -c 2 u{y γ , we infer from the formula (1) in 2.C that (A) C1 -φθ. lβ2 and therefore (A) Cl / {D 2 ) H .
(2)
Suppose (1) and therefore (i) holds.
REMARK. In Lemma 3.8 if we replace the hypothesis A /* D* by A -D* 9 then clearly we have the conclusion that (A) Cl = (A*) C2 3.9. Proof of Theorem 3.1. We prove the theorem by induction on n. For n = 3, the theorem holds by Lemma 3.7 and its dual. So assume that 3 < n = P( [a, δ] (6) is strongly normal by Lemma 3 3 .
, n -1 be the sequence of diamonds associated with (6) By Corollary 3.5 and its dual,
if k is odd, and in other cases. Thus, the associated sequence of diamonds of (6) Therefore if D 2 f A> then in view of (8), Lemma 3.8 and its dual,
we conclude that the sequence (7) associated with (6) 3 , u 3 ] . Using the strong normality of (6), one can check that the sequence
is strongly normal. The associated diamonds of (9) we replace the second and the third terms in (6) by the corresponding terms in (9) which clearly satisfies the conclusion of the theorem. The proof for the case when 3.7(ii) applies can be done in a similar way. This completes the proof of Theorem 3.1. 4* Proof of the Main Lemma* The proof of the Main Lemma is based upon a series of lemmas. LEMMA and hence completes the proof. In this case, also using the hypothesis that δ 0 ^ α 3 we have Proof. We may assume that n > 2, and by Theorem we may therefore assume that some nontrivial subintervals [α, δ] of [α, δ] and [c, d] of [c, d] can be connected by a strongly normal w + 1-termed FIGURE 7 sequence of transposes such that the associated sequence of diamonds satisfies the conclusion of that theorem. We prove the first part of the theorem by showing that the assumption n = 6 leads to a contradiction. By duality we may assume that 
Let a strongly normal four-termed sequence of transposes
If (1) (3) is excluded by the condition 6 ^ c.)
The sequence (3) with the associated diamonds satisfying the conclusion of Theorem 3.1. By duality we need only consider the case when (4) holds. Then the associated diamonds satisfy one of the two following conditions:
A \* A* and A ^ A, and the corresponding alternative to (11) can be ruled out by the same argument that showed that (1) leads to a contradiction.) Actually (10) and (11) cannot hold, for then b, ^ b ^ c ^ α 4 , so that Lemma 4.1 can be applied to the three middle transpositions in (10), showing that the middle formula in (11) fails. Thus we may assume that (8) and (9) hold. Our reasoning is motivated by Fig. 8 Proof. Suppose (i) fails to hold, or equivalently a + v < x. We claim that (ii) holds. In fact, if a + v = v then (ii) trivially holds by taking x f -x and V -b + v. We can therefore assume that (Fig. 9) , and furthermore
Consider the three elements x, u l9 and t. If the diamond ker (x, u,, t) is nondegenerate, then one of its upper edges transposes up onto FIGURE 9 a nontrivial subinterval of 
(2)
It is well known that since L is a subdirectly irreducible modular lattice there are some nontrivial subintervals [a, b] (3) [ 
We are in the situation as illustrated in Fig. 10 . Since many diamonds will be involved, therefore for the sake of simplicity we tacitly assume that the vertices of a diamond written D'i will be in symbols \u\ > a<, yl, z\ > v{] Suppose there exists an element t such that either the sublattice generated by {t, u n , a} or the one generated by {£, u[, a) is not distributive. Then either ker (t, u nf a) or ker (£, u[, a Fig. 11 
for motivation), contradicting the hypothesis that A 2 & HS(L).
We can therefore assume that the four lattices generated by {y n , u [, a), {z n , u[, a}, {y[, u n , a}, {z[, u n9 a} respectively are distributive. We infer that The last equality is due to (6) . Similarly, by adding side by side the two equalities in (8) we obtain (10) v[ + x n = a .
By (3), (5) and (9) 
Furthermore, by (10) (11) and (12) 
e + a?ί = u' 9 = < and eαjj = ^9 (Fig. 12) .
The diamond D' g and the element e are thus elements of the interval [^6, u'β] . By the transposition of [v' 6 , u,' 6 ] The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
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